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Abstract. In this paper we establish a Hasse principle concerning the linear de-
pendence over Z of nontorsion points in the Mordell-Weil group of an abelian variety
over a number field.

1. Introduction.

Let A be an abelian variety over a number field F. Let v be a prime of OF and
let kv := OF /v. Let Av denote the reduction of A for a prime v of good reduction
and let

rv : A(F ) → Av(kv)

be the reduction map. Put R := EndF (A). Let Λ be a subgroup of A(F ) and
let P ∈ A(F ). A natural question arises whether the condition rv(P ) ∈ rv(Λ) for
almost all primes v of OF implies that P ∈ Λ. This question was posed by W.
Gajda in 2002. The main result of this paper is the following theorem.

Theorem 1.1. Let P1, . . . , Pr be elements of A(F ) linearly independent over R.
Let P be a point of A(F ) such that RP is a free R module. The following conditions
are equivalent:

(1) P ∈ ∑r
i=1 ZPi

(2) rv(P ) ∈ ∑r
i=1 Z rv(Pi) for almost all primes v of OF .

In the case of the multiplicative group F× the problem analogous to W. Gajda’s
question has already been solved by 1975. Namely, A. Schinzel, [Sch, Theorem
2, p. 398], proved that for any γ1, . . . , γr ∈ F× and β ∈ F× such that β =∏r

i=1 γ
nv,i

i mod v for some ni,v, . . . , nr,v ∈ Z for almost all primes v of OF there
are n1, . . . , nr ∈ Z such that β =

∏r
i=1 γni

i . The theorem of A. Schinzel was proved
again by Ch. Khare [Kh] using methods of C. Corralez-Rodrigáñez and R. Schoof
[C-RS]. Ch. Khare used this theorem to prove that every family of one dimensional
strictly compatible l-adic representations comes from a Hecke character.

Theorem 1.1 strengthens the results of [BGK2], [GG] and [We]. Namely T. Weston
[We] obtained an analogue of Theorem 1.1 with coefficients in Z forR commutative.
T. Weston did not assume that P1, . . . , Pr are linearly over R, however there was
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